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Abstract 
Topp, J., Graphs with unique minimum edge dominating sets and graphs with unique maximum 
independent sets of vertices, Discrete Mathematics 12 1 (1993) 199-210. 
A set I of vertices of a graph G is an independent set if no two vertices of I are adjacent. A set M of 
edges of G is an edge dominating set if each edge not in M is adjacent to at least one edge in M. We 
investigate graphs that have unique minimum edge dominating sets. Moreover, we characterize 
graphs whose total graphs (line graphs) have unique maximum independent sets of vertices. 
1. Introduction 
In 
M of graph G a perfect of G V(M) = A set of 
edges a graph is an dominating set every edge E( G)- is adjacent 
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an edge of M. A set M E E(G) is an independent edge dominating set of G if M is both 
an independent and edge dominating set. The number of edges in any minimum edge 
dominating set is called the domination number of G and is denoted by ye(G). The 
independent edge domination number of G, denoted by i,(G), is the number of edges 
in any minimum independent edge dominating set of G. Certainly, y,(G)< i,(G) for 
any graph G. Denote by JZ the set of graphs that have unique minimum independent 
edge dominating sets. Similarly, JZ’ denotes the set of graphs that have unique 
minimum edge dominating sets. 
The study of the graphs that have unique maximum independent set of vertices was 
initiated by Hopkins and Staton [6]. They characterized, among other things, trees 
having unique maximum independent sets of vertices. A number of other results have 
been obtained by Michalak [7] and Siemes et al. [8]. Motivated by the results of 
Hopkins and Staton we investigate the structure of graphs that have unique minimum 
edge dominating sets. First we show that the sets &’ and Jd;e’ are the same, Next we 
prove that if a connected graph G with ye(G) 3 2 belongs to the family A, then it arises 
from four types of smaller graphs of the family 4. We then show how to construct all 
trees of diameter at least five which belong to & from trees of diameter three. A simple 
characterization of caterpillars which belong to &’ is given. Next we observe that it is 
impossible to characterize graphs of J# in terms of forbidden induced subgraphs. We 
show that if G is a connected graph different from K,, then the total graph T(G) has 
a unique maximum independent set of vertices if and only if G belongs to 4. Finally, 
we characterize graphs whose line graphs have unique maximum independent sets of 
vertices. 
2. Structural properties of graphs 
In this section we consider some structural properties of graphs which belong to the 
sets JZ and A’. First we prove that the sets &Z and A’ are the same. 
Theorem 2.1. If a graph G has a minimum edge dominating set MO which is not 
independent, then G has at least two minimum independent edge dominating sets of 
cardinality 1 MO 1 and G does not belong to the family A. 
Proof. Since MO is a minimum edge dominating set of G and M,, is not independent, 
each connected component of the graph G(M,) is a star and at least one of them is 
different from Kz. Let S be a star of G( MO) that is different from Kz and let ei and e2 
be any two distinct edges of S. By minimality of M ,,, for each in{ 1,2), there exists an 
edge GEE-M, which is adjacent to the edge er but not to any other edge of 
Me-{ei}. It is clear that M;=(M,-{e,})u{fi} and M;=(M,--{e2})u{f,} are 
distinct minimum edge dominating sets of G and each of them has less pairs of 
adjacent edges than MO. If M; and M’; are independent, then we are done. If M; and 
M’; are not independent, then starting with M; (or M’;) we repeat the process used to 
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obtain M; and M’; . Clearly, the repetitions of the process must terminate in at most 
lMOl- 1 steps with distinct independent edge dominating sets ML and ML of G, 
ldkblMOl-1, such that IM;I=IM~I=IM,,l. This implies that G has at least two 
minimum independent edge dominating sets of cardinality 1 MO) and G#_A!. 0 
It is routine to verify that the next three corollaries follow directly from 
Theorem 2.1. (The first corollary can also be obtained from results of the papers 
[l, 3,9], and it has been pointed out in [S] and proved in [lo].) 
Corollary 2.2. For any graph G, ye(G) = i,( G). 
Corollary 2.3. A graph has a unique minimum edge dominating set if and only ifit has 
a unique minimum independent edge dominating set, i.e. JY=JY’. 
Corollary 2.4. If a graph G does not belong to the family k’, then G has at least two 
minimum independent edge dominating sets. 
We now proceed to investigate the structure of graphs which belong to the family 
&. Since a graph G belongs to A if and only if each connected component of 
G belongs to .A?, there will be no important loss of generality in investigating 
connected graphs only. Certainly, the graphs K1 and K, belong to the family &. 
Other examples of connected graphs which belong to A? are shown in Fig. 1. For 
these graphs we have the following theorem. 
Theorem 2.5. If a connected graph G d@erent from Kz belongs to the .family JZ and 
y,(G)= 1, then G is one of the four graphs shown in Fig. 1. 
Proof. Let uu be the only edge of G such that (uu} is the unique minimum edge 
dominating set of G. Then the graph G- { v, u) is nonempty, totally disconnected, 
and the sets Z,={XEV(G)-(0,~): N,(x)n{v, u}=(v)}, Z,=(XEI’(G)-{a,~): 
N,(x)n{v,u}={u}),Z,,={x~V(G)-~~,u}:NG(x)n{u,u}={v,u}}formadisjoint 
partition of the set V(G)- { u, u}. N ow, since GE&, it is easy to observe that 
( 1”. I = n 3 2 and G is isomorphic to G, or G, if I, = 8 or I, =0. Similarly, if the sets I, 
and I, are nonempty, then G is isomorphic to G, (if I,,=@) or G, (if I,, ~0). 0 
Fig. 1 
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The following theorem shows that if a connected graph has a unique minimum edge 
dominating set of cardinality at least two, then it arises from edge disjoint graphs 
given in Theorem 2.5. For an edge ,f of a graph G, let S, be the subgraph of 
G generated by the edge f and all the edges adjacent to f in G and let H, be the 
subgraph of G generated by E(G) - E( S,). 
Theorem 2.6. Let G he a connected graph with y,(G) = k > 1 and let M he the unique 
minimum edge dominating set of G. Let f be any edge of M. Then G is an edge-disjoint 
union of the graphs H, and S,, ye( HJ) = k - 1, ye( S,) = 1, and each of the graphs H, and 
S, belongs to the family .A. In addition, H, and S, are connected for some edge REM. 
Proof. It is clear that the graphs H, and S, are edge-disjoint and G = H,uSJ. Since 
M is the unique minimum edge dominating set of G, the sets M - {f } and {f 1 are 
edge dominating in H, and S,, respectively. Moreover, if another set M’# M - { f) 
with lM’J<k-1 (resp. M”#{f} with IM”J=l) were edge dominating in H, (resp. in 
Sf), then at least one of the sets M’u{f}, (M-{f})uM”, and M’uM” would be 
different from M, edge dominating in G, and not greater than M, contradicting the 
uniqueness of M in G. This implies that the sets M- (f } and (f} are unique 
minimum edge dominating sets in H, and S,, respectively. Hence, each of the graphs 
H, and S, belongs to A, y,( Hr) = k - 1, and ye( Sf) = 1. Since S, is connected for every 
f~ M, it remains to show that H, is connected for some edge fgM. Take an edge &EM 
and consider the subgraph HfO. If HrO is connected, then we are done. If HfO is 
disconnected and H ’ 1, . . . . Hi, 
Ye(H2)=min{y,(H:),...,y,(H~z)}. Note that since H, is a subgraph of HI and 
,~~E(E(H~)-E(H~))~M, y,(H,)>y,(H,). Take an edge fi~E(n~)nM. Again, if 
ye(H2)= 1, then H,, is connected and we are done. If H,, is disconnected, in which 
case ye( H,)> 1, then we repeat the process used to obtain H, and Hz. Since the 
numbers ye(H1), ye(H2), . . . form a decreasing sequence of positive integers, the 
repetition of the process must terminate with a graph H, such that y,(H,)= 1 or H,, is 
connected for some edge ~;EE( H,) n M. This finishes the proof. 0 
A practical procedure for building graphs of the family &Z from smaller ones is 
presented in the next theorem. We need the following definitions. If ui is a vertex of 
a graph Gi, i= 1,2, let Gi( v1 =u2)G2 denote the graph obtained from Gi and G, by 
identifying u1 with u2. An end vertex x of a graph G is called a single end vertex of G if 
no other end vertex of G is at distance two from x. 
Theorem 2.7. Suppose that H is a connected graph of order at least ,four and M is the 
unique minimum edge dominating set of H. Lf S is a tree of diameter three, x is an end 
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vertex of S which is not a single end vertex of S, and y is any vertex of H, then the graph 
H(y=x)S belongs to the family A!. Similarly, if x is a single end vertex of S and 
yeI’( V(M), then H(~=x)SEA’. 
Proof. Assume that e=vu is the unique nonend edge of S and the end vertex x 
is adjacent to v in S. It is clear that the set Mr = M u {e} is edge dominating 
in the graph G = H( y = x)S. We claim that M 1 is the unique minimum edge domina- 
ting set of G. To prove the claim, assume that M, is an edge dominating set of G. Then 
it suffices to show that either M2 = MI or 1 M,I > 1 MI I. There are two cases to 
consider. 
Case 1: eE Mz. Then M, - { e} is an edge dominating set in H and therefore, since 
M is the unique minimum edge dominating set of H, either M,-{ e} = M or 
IM,-{e)l>lMI. C onsequently, either M2 = MI or I Mz I> I MI I. 
Case 2: e#Mz. The fact that Mz is an edge dominating set of G implies that there 
exist an edge f+z M2 incident to LI and an edge gEM, incident to v (to y= x if x is 
a single end vertex of S). If M,-{ f, g} 1s an edge dominating set in H, then either 
M,-{f,g)=M or IM,-{f,g}l>lMI. In both cases we have lM21>lM11. If 
M2-{ f g} is not an edge dominating set in H, then there are two subcases to 
consider. 
Case2.1: SEE(H). Then MZ-{f} 1s an edge dominating set in H, g is incident to 
y=xEUM,-_(f }), d an x is a single end vertex of S. Hence, either Mz - { f } = M or 
IMz-CfIl>lMI. H owever, since x is a single end vertex of S, the vertex y does not 
belong to V(M) and therefore we must have M, - {f } #M. Thus, ) M2 - { f } ) > I MI 
and consequently I M,j > I M, I. 
Case 2.2: g$E( H). Let F be the set of edges which belong to E(H)- Mz and which 
are not dominated by any edge from M, - { f, g }. Since the set Mz is edge dominating 
in G and its subset M, - {f g } is not edge dominating in H, the set F is nonempty and 
every edge which belongs to F is dominated by the edge g= vy. Take any edge hOEF 
and observe that the set ( M2 - { 1; g})u {h,} is edge dominating in H. Hence, either 
( Mz - {f g}) u { hI } is another minimum edge 
dominating set in H, which again contradicts the uniqueness of M. This shows that 
(Mz-{f,g})u{ho}fM d an completes the proof of the theorem. 0 
The construction of Theorem 2.7 is illustrated in Fig. 2. The next theorem shows 
that every tree of diameter at least five which belongs to the family & arises via 
a construction described in Theorem 2.7 from two smaller trees which belong to A. 
First we prove two useful propositions. 
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G=lf(y=z)S: 
Fig. 2. 
Proposition 2.8. If G is a connected graph diflerent from Kz and M is the unique 
minimum edge dominating set of G, then the following’conditions are fulfilled: 
(1) V(G)- V(M)#@ 
(2) No({u, u})- V(M)#@ for every edge WEM; 
(3) N,(u)- V(M)#@ for euery vertex UEV(M). 
Proof. The result is trivial 1 < 1 (see the Fig. 1 for 1 M I= 1). Thus, 
assume that I MI 3 2 and suppose to the contrary that V(G) - V(M) = 8. Then for any 
edge eEM, there exists an edge feE(G)- M adjacent to e, and (M - { e))u {f} is 
another minimum edge dominating set of G. This contradicts the uniqueness of M and 
shows that V(G)- V(M)#@ In quite a similar way we can show that 
Nc({u, u})- V(M)+@ f or any edge UUEM. Finally, suppose that NG(u)- V(M)=@ 
for some vertex UE V(M). Let u be a vertex of G such that UUEM. Since 
NG({u, u>)- I’(M)+@ (by (2)) and N,(u) c V(M) (by our assumption), 
(M-{vu})u(uw} (#M) IS a minimum edge dominating set of G for every 
w~N~({u, u})- V(M), a contradiction. With this contradiction the result is 
established. q 
Corollary 2.9. If G is a connected graph difSerent from K, and M is the unique minimum 
edge dominating set of G, then no end edge of G belongs to M. 
Proof. This follows directly from Proposition 2.8 (3). 0 
Proposition 2.10. If G is a tree of diameter at most four, then G belongs to the family 
A%? if and only if G has at most two vertices or G is a tree of diameter three. 
Proof. Let G be a tree of diameter d, d d 4. The result is obvious if d d 3. Thus, it is 
enough to show that G$A if d =4. Suppose on the contrary that GE& and let M be 
the unique minimum edge dominating set of G. It is clear that ) MI 22 and, by 
Corollary 2.9, no end edge of G belongs to M. Since every two nonend edges of G are 
adjacent, M is not independent and therefore G@_A (by Theorem 2.1). This contra- 
dicts our supposition and completes the proof. 0 
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Theorem 2.11. Let G be a tree of diameter at least jive. Zf GE&, then there exist a tree 
TEA of diameter at least three, a tree S of diameter three, an end vertex x of S, and 
a vertex y of T such that G is isomorphic to the graph T(y=x)S. Moreover, tf x is 
a single end vertex of S, then YE V(T)- V(M), where M is the unique minimum edge 
dominating set of T. 
Proof. Let Mo be the unique minimum edge dominating set of G and let 
P=(vo,v1, . ..) v,,) be any longest path in G. The choice of P implies that every vertex of 
NG(vl)- { vZ} is an end vertex in G. We now claim that every vertex of 
NG(vZ)- {vi, v3} (if any) is an end vertex of G. For if not, let v~Nc( vZ)- {vi, us} be 
a counterexample. Then, by the choice of P, each neighbor of v different from v2 is an 
end vertex of G. Since Ma is an edge dominating set of G and no end edge of G belongs 
to Mo (by Corollary 2.9), the adjacent edges vu2 and vi v2 belong to Mo. It follows that 
the set Mo is not independent and therefore, by Theorem 2.1, G does not belong to A, 
a contradiction. This proves that every vertex of N,( v2) - ( vi, v3} is an end vertex of 
G. Now it is easy to observe that S=G[NG({v1,v2})] and T=G-( V(S)-{v,}) are 
trees for which G = T(y = x)S, where x = y = v3. It follows from Corollary 2.9 that 
v1v2~Mo. Moreover, analysis similar to that in the proof of Theorem 2.6 shows that 
M = Mo - { v1 v2} is the unique minimum edge dominating set of T, so TEA. Certain- 
ly, the vertex x=v3 is an end vertex of S and S is a tree of diameter three. This 
combined with Proposition 2.10 and with the assumption that G is a tree of diameter 
at least five forces that T is a tree of diameter at least three. Thus, it remains to show 
that y = v3 E V(T) - V(M) if x = v3 is a single end vertex of S. To prove this, suppose, 
on the contrary, that x =v3 is a single end vertex of S and y=v3e V(M). Then the 
unique edge of M which is incident to us dominates the edge v2v3 and therefore 
(Mo - { v1 v2})u { vovl } and Mo are different minimum edge dominating sets of G, 
a contradiction. This contradiction proves the desired property and finishes the 
proof. 0 
3. Caterpillars 
In this section, the caterpillars with unique minimum edge dominating sets are 
characterized. First, however, we need additional definitions. Let 9 denote the set of 
all finite sequences (d,, . . . . d,) of integers, where di 22 for i= 1, . .., n if n 22, while 
dI 30 if n= 1. We define the relation - on 2 by stipulating (d,, . . . . d,)-(d;, . . . . dk) if 
m=n and either di=d; (for i=l,...,n) or di=db_i+, (for i=l,...,n). It is easy to 
verify that - is an equivalence relation on _Y. A caterpillar is a tree T which contains 
a path P such that every vertex of T is either on the path P or is adjacent to some 
vertex of P. If we choose the path P = ( vl, . . . , v,) so that it is the shortest path in T with 
the above properties, we can associate with T two sequences (d,, . . ..d.), 
(d;, . . . . db)~_Y, where di=db_i+l =dT(vi) for i= 1, . . . . n. These sequences are equiva- 
lent and each of them is called a code of T. It is easy to observe that two caterpillars 
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are isomorphic if and only if their codes are equivalent. Therefore, if A is a code of 
a caterpillar T, we can say that A belongs to the family &! if and only if T belongs to 
JX. After Proposition 2.10 and Theorems 2.6,2.7 and 2.11 it is not hard to establish the 
following two results. 
Corollary 3.1. A caterpillar T with a code A = (d,, . . ., d,) belongs to the family J%? if and 
only if one of the following conditions holds: 
(1) n=l and dr<l; 
(2) n=2; 
(3) n=4, d,a3 and d3>3; 
(4) n> 5, d3 =2 if d2 =2, and the reduced sequence r(A) belongs to JZ, where 
r(A)=(dJ-l,dq ,..., d,) ifdJ>2, while r(A)=(d,,ds ,..., d,) ifdJ=2. 
Corollary 3.2. A path P,, of length n belongs to J? if and only if n = 1 or n = 3k for some 
nonnegative integer k. 
4. Corona of graphs 
In what follows, G 0 H denotes the corona of two graphs G and H, i.e. G 0 H is the 
graph obtained by taking one copy of G and 1 V(G) 1 copies of H, and then joining the 
ith vertex of G to every vertex in the ith copy of H. In this section, we prove that G 0 K1 
belongs to the family & if and only if G has a unique perfect matching. From this we 
conclude that every graph is an induced subgraph of some graph which belongs to JZ. 
This implies that it is impossible to characterize graphs of the family M in terms of 
forbidden subgraphs. 
Theorem 4.1. Let G be a graph without isolated vertices. Then the corona G 0 K1 
belongs to JZ if and only if G has a unique perfect matching. 
Proof. It suffices to prove that a subset A4 of E( G 0 K,) is the unique minimum edge 
dominating set in G 0 K1 if and only if M is the unique perfect matching of G. 
We first assume that M is the unique perfect matching of G. Then ( M I= 1 V(G) l/2 
and it is clear that M is an independent edge dominating set in G 0 K 1. We claim that 
M is the unique minimum edge dominating set in G 0 K 1. To prove this, let M’ be an 
independent edge dominating set of G 0 K 1. It suffices to prove that either M ‘ = M or 
1 M’I > I M I. We distinguish two cases. 
Case 1: M’ & E(G). Then M’ is a matching in G. This and the domination of M’ in 
G imply that M’ is a perfect matching of G. Consequently, M’=M since M is the 
unique perfect matching of G. 
Case 2: M’ Y& E(G). Then M’ is the union of the sets MI and MZ, where 
M,=M’n(E(GoK,)-E(G))#@ and M,=M’nE(G) is a perfect matching of the 
subgraph G-(V(G)nV(MI)). Hence, IM,I=(IV(G)I-(M,l)/2 and consequently 
IM’~=IMII+~M~I=IMII+(I VW-lM~lG’>l V(G)lP=IMI. 
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Now assume that M is the unique minimum edge dominating set of G 0 K 1. Since 
each connected component of G 0 K1 is different from K,, no end edge of G 0 K1 
belongs to M (by Corollary 2.9) and therefore M is a matching in G. The perfectness 
and uniqueness of M in G are evident. I? 
Corollary 4.2. For any graph G, (G 0 K, ) 0 K, belongs to JY. 
Proof. Since the end edges of the graph Go K1 form the unique perfect matching of 
G 0 K, , the result follows from Theorem 4.1. 0 
Remarks. (1) Slight changes in the proof of Theorem 4.1 show that a similar result 
can be obtained when K1 is replaced by any totally disconnected graph K,, (n 3 2). 
Moreover, it is easy to observe that the following generalization of Theorem 4.1 holds: 
If G is a graph and GO is its maximal subgraph without isolated vertices, then 
G 0 K, E& if and only if GO has a unique perfect matching. 
(2) Since every graph G is an induced subgraph of the graph (G 0 K, ) 0 K, , 
Corollary 4.2 suggests that it is impossible to characterize graphs of the family JZ in 
terms of forbidden induced subgraphs. In addition, Corollary 4.2 presents a simple 
procedure for building graphs of the family JH from smaller graphs. 
5. Total graphs 
For a graph G, the total graph T(G) of G is the graph with vertex set V( G)u E( G) 
in which two vertices u and o are adjacent if and only if either u and o are adjacent 
vertices of G or u and v are adjacent edges of G or u and v are an incident vertex and an 
edge of G. In this section, we prove that the total graph T(G) has a unique maximum 
independent set of vertices if and only if G has a unique minimum independent edge 
dominating set. The proof is based on the following result due to Yannakakis and 
Gavril [lo]. 
Proposition 5.1. (a) Let A be a maximum independent set of vertices in the total graph 
T(G) and let M = A nE( G). Then, for every maximal independent set M’ such that 
M~M’~llC(G),thesetM’u(V(G)-V(M’))’ 1s a maximum independent set of vertices 
in T(G) and M’ is a minimum independent edge dominating set of G. 
(W If M is a minimum independent edge dominating set of G, then 
M u( V(G) - V(M)) is a maximum independent set of vertices in T(G). 
Theorem 5.2. Let G be a connected graph diDrent from K,. Then the total graph T(G) 
has a unique maximum independent set of vertices if and only iJ G has a unique minimum 
edge dominating set. 
Proof. Assume that T(G) has a unique maximum independent set of vertices and 
suppose to the contrary that G does not belong to J. Then, by Corollary 2.4 G has 
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different minimum independent edge dominating sets, say Mr and M,. This implies 
that the sets MI u( V(G)- V(M,)) and M, u( V(G)- V(M,)) are different and, 
by Proposition 5.1(b), they are maximum independent sets of vertices in T(G), a 
contradiction. 
Conversely, assume that GE& and let MO be the unique minimum edge domina- 
ting set of G. Then A0 = Mou( V(G)- V( M,)) 1s a maximum independent set of 
vertices in T(G) (by Proposition 5.1 (b)). We claim that A0 is the unique maximum 
independent set of vertices in T(G). For if not, let A be another maximum independent 
set ofvertices in T(G)and let M=AnE(G). Since A#&,, we have M#M,, and we 
derive contradictions in two cases. 
Case 1: M - MO # 8. Let M’ be a maximal independent set such that 
M c M’ z E(G). Then M' # MO and, by Proposition 5.1(a), M’ is a minimum inde- 
pendent edge dominating set of G, contradicting the uniqueness of MO in G. 
Case 2: M - MO =8. In this case MO - M #8 and it follows from the maximality of 
A and from the definition of T(G) that every vertex eeM,- M has exactly one 
neighbor which belongs to A-M in T(G). For eE MO- M, let v, be the unique 
element of N,,,,(e)n( A -M). An easy verification shows that by adding MO-M to 
A and deleting from A the set { v,: eE MO - M}, we obtain a maximum independent set 
A’ of T(G). Since A’ is a maximum independent set of T(G) and MO c A’, we 
conclude that A’=A, and therefore A=Mu{v,: ecM,-M}u(V(G)--(MO)). 
Consequently, for every eE M, - M, NTCCj( v,) n A =8 and, in particular, 
N,(v,)n(VG)- VM,))=k contrary to Proposition 2.8 (3). 
Since both cases lead to contradictions, we deduce that A0 = M,, u( V(G) - V( M,)) 
is the unique maximum independent set of vertices in T(G). This completes the 
proof. 0 
6. Line graphs 
The line graph of a graph G, denoted by L(G), is the graph which has for its vertices 
the edges of G, and two vertices of L(G) are adjacent if they have a vertex of G in 
common. In this section, we present some characterizations of graphs whose line 
graphs have unique maximum independent sets of vertices. 
Theorem 6.1. Let G be a graph and let GO he its maximal subgraph without isolated 
vertices. Then L(G) has a unique maximum independent set of vertices if and only ij” Go 
has a unique perfect matching. 
Proof. Since a set I is a maxima1 independent set of vertices in L(G) if and only if I is 
a maxima1 matching in G,,, it suffices to observe that Go has a unique maximum 
matching if and only if Go has a unique perfect matching. Certainly, if M is the unique 
perfect matching of G,,, then it is the unique maximum matching of G,. On the other 
hand, assume that M is the unique maximum matching of Go. It suffices to show that 
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M is a perfect matching of GO. Suppose to the contrary that M is not a perfect 
matching of GO. Then the set V( G,)- V(M) is nonempty and the maximality of 
M implies that every edge e incident to a vertex of V( GO)- V(M) is adjacent to 
exactly one edge e’ of M. But then the set (M - { e’})u { e} is another maximum 
matching of GO, contradicting the uniqueness of M and completing the proof. 0 
Corollary 6.2. For any graph G, the line graph L( G 0 K,) has a unique maximum 
independent set of vertices. 
Proof. Since the end edges of G 0 K I form its unique perfect matching, the result 
follows immediately from Theorem 6.1. 0 
Whereas the criterion of Theorem 6.1 is not necessarily easy to apply to a general 
graph, the next corollary specifies when the line graph of a tree has a unique maximum 
independent set of vertices. 
Corollary 6.3. Let T be a tree of even order. Then the line graph L(T) of T has a unique 
maximum independent set of vertices if and only if for every cut vertex v of T, the 
vertex-deleted subgraph T-v has a unique odd component. 
Proof. It is known [4] that a tree T of even order has a perfect matching and therefore 
a unique perfect matching if and only if, for every cut vertex v of T, the subgraph T-v 
has a unique odd component. The rest follows from Theorem 6.1. 0 
Corollary 6.4. If a graph G has a 2-connected component of order at least three, then its 
line graph L(G) does not have a unique maximum independent set of vertices. 
Proof. Since no 2-connected graph has a unique perfect matching (see [2] or [l l]), 
the result follows from Theorem 6.1. 0 
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